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Abstract-In this paper, we consider a general Sobolev inner product on the unit circle of the 
following type: 
(f(z),g(z))S = 2 jzr f(j) (ei") g(j) (eie) dpj(B), z = 20, 
j=O O 
with pj (j = 0, , . ,p) finite positive Bore1 measures on [0,2n] and p a positive integer p 2 1. 
Under the assumption that the Caratheodory functions of measures ~0,. . . ,pPLp-r and the Szegb: 
function of measure pP have analytic extension outside the open unit disk, we prove that Szegb’s 
asymptotic formula holds true for the Sob&v orthogonal polynomials. @ 2003 Elsevier Ltd. All 
rights reserved. 
Keyords-Orthogonal polynomials, Sobolev inner products, SzegB’s theory. 
1. INTRODUCTION 
In this paper, we consider a general Sobolev inner product on the unit circle of the following 
type: 
(f(z),g(z))s = 5s’” f(j) (2”) g(j) (eie)dpj(e), 
j=o 0 
z = eie, 
with pj (J’ = 0,. . . ,p) finite positive Bore1 measures on [O, 2~1 and p a positive integer p 2 1. 
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If we denote by {&} the manic orthogonal polynomial sequence with respect to (,)B we know, 
when ,L+ is a measure in the Szeg6 class with SzegB function II,(z), that the asymptotic formula 
lim i,(Z) ~(l/‘) -=- n-Pm ,p nI, (0) 
holds true uniformly on compact subsets of ]z( > 1 (see [1,2]). ’ 
Our aim in this paper is to study when the above asymptotic formula can be extended up to 
the boundary and inside the open unit disk. When p = 1, this problem has been solved in [3] 
under the assumption that the Szeg6 function of the last measure and the Caratheodory function 
of the first measure have both analytic extension outside the open unit disk. 
Now we prove a nice extension of this result under the assumption that the Caratheodory 
functions of the measures ~0,. . . , ~~-1 and the SzegG function of measure pP have all analytic 
extension outside the open unit disk. 
2. PROPERTIES OF THE ORTHOGONAL 
POLYNOMIALS WITH RESPECT TO MEASURE pp 
AND THEIR GENERALIZED PRIMITIVES 
We assume that measure cl,, is a finite positive Bore1 measure in the Szegij class. Then we know 
that the manic orthogonal polynomial sequence with respect to measure pP, {&}, is such that 
limn--roo Il&II~, = 4~~) > 0. We ~4 so assume that the Szeg6 function of measure pP, l&,(z), 
has analytic extension up to ]z] < l/r, with rP < 1 (see [4]). In this case, it is known that the 
coefficients of the orthogonal polynomials {&} are uniformly bounded and it holds that 
lim in ~(l/‘) -=- n+m zn JJP (0) 
uniformly on compact subsets of ]z] > rP (see [5]). Indeed, the result about the boundedness of 
the coefficients can be improved in the following way (see [3]). If we write &(z) = C;=o a,,kzk 
with a,,,,, = 1, then, given R,, such that rP < Rp < 1, there exist C,, > 0 and a positive integer NP 
such that for any integer k 2 0 and n 2 NP, it holds that 
bn,k( < C&z-‘. (2) 
Next we introduce the generalized normalized primitives (&} of the orthogonal polynomials by 
integrating p times the polynomials {&,}, that is, 
n-1 
~n(Z)=Z”+n(n-l)...(n--++)C 
1 
k=p k(k - 1). . . (k -p + qa’++pzk. 
Then it is clear that &?(z) = n(n - 1). . . (n - p + l)&--p(~). For simplicity we denote 
b 
n(n-l)*..(n-p+l) 
risk = k(k - 1) . . . (k -* + 1) an--p,k--p* 
Next we study the behavior of these coefficients. 
PROPOSITION 1. 
(i) Given R such that rP < R < 1, there exist C > 0 and a positive integer N such that for 
any integer k 2 0 and n 2 N 
lbn,kl < CRn-k. 
(ii) There exists M+ > 0 such that lb,+1 < M+ for every 0 5 k 5 TX. 
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PROOF. 
(i) Let R such that rP < R < 1 and let us take R, with rp < R, < R. Then there exists a 
positive integer MP such that n(n - 1). . . (n - p + 1)Rp-p+1)‘2 < R(“-P+1)/2 for every 
n 2 Mp. 
On the other hand, from (2) we have that there exist C, > 0 and a positive integer NP 
such that lan,kl < CpRFmk for any integer k 2 0 and n > Np. 
Hence, if n - p > max{N,, M,}, then for k > (n + p - 1)/2, it holds that 
Ibn,kl = 
n(n - 1) 1. . (n - p + 1) 
k(k- l)...(k-pfl) 
lan-p,&+/ < 2pCpR~-k < 2pCpR”-k, 
and for k 5 (n + p - 1)/2, it holds that 
lb,+1 L n(n - 1). . . (n - p + l)CPR,“-k < CpRnek. 
If we choose C = 2PC, and N = max{N,, Mp} + p + 1, then (i) holds. 
(ii) It is straightforward from (i). 
- 
I 
PROPOSITION 2. It holds that limn+co($n(z)/zn) = IIP(l/z)/II,(0) uniformly on compact sub- 
sets K of the complex plane @. such that infzeK IzI > rP. 
PROOF. Since lim,,, (4n(z)lO = %w)/~,(0) uniformly on compact subsets of IzI > rp, it 
suffices to prove that lim,,, (hl(Z)/~” - 4n-p(z)/z”-P) = 0 uniformly on compact subsets of 
Izl > rP. 
Let K c Cc be a compact subset of (z( > rp. If r = minzEK (21, let us take R, such that 
rp < Rp < r. 
For every .z E K, we have 
n-1 
-j&,rc - %-p,k-p)& 
k=p 
We know that there exists a constant M+ such that l&&l < M+ ‘dn, V k. From (2), we also know 
that there exist C, > 0 and a positive integer Np such that Ian+\ < CpRpek for every k > 0 
and n 2 Np. On the other hand, for a fixed E > 0 let us take M such that (2P - l)(rC,/(r - 
w(RPlr)“+’ < s/3 and let us take N M such that for n 2 NM, the following inequalities are 
true: 
n(n-l)...(n-p+l) 
-,>....+( 
n(n - 1) . . . (n - p + 1) 
(n - 1) . . . (n - p) (n-M)..,(n-M-p+l)-1 
and 
n(n-l)...(n-p+l)s (+) 
(n-P+1)/2 
P 
< ;. 
Then for n > max(2M + p + 3, Np i-p, NM} and z E K, we have 
lcln(z) &-p(Z) -- 
.P 
-1 5 1 F (bn,k -%-p,k-p)&i p+-P 
k=n- M 
n-M-1 
+ c hk - an-p,k-p)& + 
k=E[(m+p-1)/s] 
E[(n+~-l)Pl 
x (bn,k - U,-l,k-p)& > 
k=p 
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with 
n(n-l)...(n-p+l) 
-’ 
M+ 
7 
c (b,k - an-P,k-P)+ 
k=E[(n+p-1)/2]+1 
n-M-1 
5 (2P - 1) c law+pi& 
k=E[(n+p-1)/2]+1 
< (2P - 1) c, k-.,;g;,,,+l ($y-* < PP - 1) 3g (,>,,l 
n 
< f, and 
EKn+p- 1)/74 
c (bn,k - an-,,k-,,A 
k=p 
q(a+P-wl 
< c n(n-l)...(n-p+l)C* 
k=p 
n-k 
<n(,-l)...(n-p+l)&- ($) 
n--E[(n+P-lm 
P 
-Q-b(n-l).*.(n-p+l)~ (%) 
(n-P+W 
P 
< f. 
COROLLARY 1. It holds that 
(i) 
IclAk’ (2) m/4 
J!?k n(n - 1). . . (n - (k - 1))Pk = = n,(o) 
uniformly on compact subsets of 1.z 1 > rp, for k = 1, . . . , p. 
(ii) 
2% n(n- 1) . I/ 
fork=l,...,p. 
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(iii) There exists Cl > 0 such that for every n, 
PROOF. 
(i) Taking derivatives, it is immediate from Proposition 2. 
(ii) It is straightforward from Proposition 2 and (i). 
(iii) Since 
we obtain (iii). 
3. THE SOBOLEV ORTHOGONAL POLYNOMIALS 
Let us denote by {&} the M.O.P.S. ((,)=). F’ lrs we prove a property related with the Sobolev t 
norm. 
PROPOSITION 3. It holds that 
(i) n2(n - 1)2. *. (n - p + 1)2m(pp) 5 l&II:. 
(ii) There exists a constant C’s such that for every n 
PROOF. 
(i) Using the minimality of the norms of the orthogonal polynomials, we get n2(n-l)2 . . . (n- 
p + 1)2m(pp) 5 n2(n - 1)2 ..-(n-~+ 1)211~n-pll~, 5 Il&ll~, +...+ II&p’jl~, = l&l/f. 
6) -Wn, since ll&IIZ 5 IIYM~, then Ili,ll~,+...+lliL-‘)II~,_, +jl&$‘)Il;, 5 ll$~,Jl&+.. .+ 
Ilq!&-l)ll~p-l +n2(n-1)2.. . b-P+l)211h4;p 5 Il&ll;,+~~ ~+I14P-1)ll~p~l +IIR’ll;p. 
Therefore, CEli Il&k’ll& I C[;A IIqdk)II&, and applying Corollary 1 (ii), we obtain the re- 
suit. I 
PROPOSITION 4. If we write 
then there exists P > 0 such that for every integer n 1 0, it holds that 
l%,kl L 
Pkp-l 
k2...(k--p+1)2’ 
forp<k<n-1, 
(3) 
(4) 
and(c+k(_<PforOIkIp-1. 
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PROOF. Since for k < n, 
then 
Therefore, taking into account Proposition 3(i) and Corollary l(iii), we have that 
l%,kI 5 
k2...(k-pC:1)2m(pp) 4k /&+-- (II- II + l16f-+“ll,,J . 
On the other hand, ll&IIpLo + e.. + II@‘-” ll,+~ L ~~‘~(ll&ll;,, + . . . f ll@‘-1)ll;,-1)1’2, and 
applying Proposition 3(ii), we get (I&J(ILO $ . . . + II@-l)IIBp-l 5 ~9/~kP-~Cs. 
Then 
(%,kl 5 
C1C3p112kP-1 
k2...(k-p+l)2m(pp)’ 
For k = 0,. . . ,p - 1, it is clear that there exists a constant Cd such that l&,,kl 5 Cd. Thus, if we 
take P = max{CrCsp’/2/m(~p), Cd}, we obtain the result. I 
PROPOSITION 5. If&(z) = ~~=oAn,kzk with A,,+ = 1, then there exists M$ such that for 
every n 2 0 and k 2 0, 
l+,kI < M 
rip-l - 4. (5) 
PROOF. Let n 2 0 be a fixed integer and J = max ({MJ} U {A,,,,k : 0 2 k I m 5 n}). Since 
&+1(z) 
‘n+1(z) + f: %+l,k$k(Z), (n + l)P-l = (n + l)P-l k=O 
if we use relation (4) and assume for simplicity that k 1 p, we obtain 
IAn+l,kl < M+ + p nP-l kP-1 
(n + l)P--l - (n + l)P-l nZ...(n-p+1)2 +*“+ /$..*(k-p+1)2 
In the next step, if we use again relation (3), we have 
1 An+w 1 n/r, 
(n+2)Pd1 ’ (n+2)P-l 
P(n + l)p-l 
+ (n+1)2...(n-p+2)2S(n+1'p-1 
nP--l kP-1 
nz...(n-p+l)2 +“‘+k2..,(k-p+1)2 
Proceeding in the same way and applying induction we get 
P(n + j)2(p-1) 
l+ (n+j)2.-.(n+j-p+1)2 
P(n + j)2(p-1) 
l+ (n+j)2...(n+j-p+l)2 
Next we are going to improve relation (4) in Proposition 4. Now we have to assume that the 
Caratheodory functions of measures ~0,. . . , ~~-1 have analytic extension outside the unit disk. 
That is, if we denote by k&i) = (zn, l)pi the moments of measure p( for i = 0,. . . ,p - 1, we 
assumethatIimsup~~=ri<l,i=O,...,p - 1. If we also denote by p = max(~ ,..., p, 
we have the following result. 
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PROPOSITION 6. Let p be p = max {ri : i = 0,. . . , p}. For each RP such that p < R, < 1, there 
exist E > 0 and an integer H > 0 such that 
I%kI < 
k P-1 
k2...(kEp+q2 ; 
0 
RF-k1 
for n - k > H, (6) 
and 
I%,kl <E(;)p-lR;-k, fork=0 ,..., p-l. 
PROOF. Let us take R such that p < R < Rp, From Proposition 1, we get that I!&+[ < CR”-” 
for every k 2 0 and n 2 N. We also have that there exists an integer h 1 0 such that for’ 
n L h, Icn(cldl < R” and Icn(pi)j 5 1 for 0 5 n 5 h - 1 and i = 0,. . . ,p - 1. Therefore, 
taking an appropriate constant C’s, we can state that lb,+1 < C5Rnmk for every 0 5 k 5 n and 
Icn(pi)l < CCR” for every n and i = 0,. . . ,p - 1. 
Next we prove that there exist Cs > 0 and an integer H 2 0 such that 
I($kT’h),~ < C6kP-‘Rn-’ p , fern-k>H. 
Indeed, 
(~,,zk)~=(~n,~k)~o+(~~l),ktk-l) +~~~+($~-‘),k(k-l)~~~(k-p+2)~~-~+’) , CL1 h-1 
with 
< 
5 5 Ibn,j+kl +$bn.i+kj 
j=-k+p j=l 
j=-k+p j=l 
Since there exists an integer H1 2 0 such that l/(1 - R) < n - k if n - k > HI, then 
< C,(n - k)Rnek. 
Proceeding in the same way, we get 
/(@, kzk-l)pl / < G(n - k)nkRnmk,. . . , 
/(@-‘), (Zyp--l)) 
Pp-1 
<C~(n-k)n(n-l)...(n-p+2)k(k-l)...(k-p+2)R”-~. 
Let us take H > H1 and such that n-k < (Rp/R)n-k, (n- k)nk < (Rp/R)n-k,. . . , (n-k)n(n- 
l)...(n-p+2)k(k-l).*.(k-p+2)<(Rp/R)”-”ifn-k>H. Then 
l(~nJ”>,l < C,pR;-“, if n - k > H. 
Hence, 
lb4,l < MJkP-1C7p (RF-l” +. + R;) 2 C6kP-1R;-k. 
Therefore, c&+ in relation (4) can be bounded as follows: 
I%,kl = 
I($b/nP-176k) 1 
c6 
k P--l 
II- II2 4k ’ ’ k2...(k-p+1)2m(~p) ; 0 
RF-k. I 
s 
If we write 
n-1 
in(z> = h(z) + ~P,,,kik(z,, 
k=O 
(7) 
that is, &k = n’-‘o!‘,,k, we obtain from Proposition 6 that the coefficients &k are bounded in 
the following way. 
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COROLLARY 2. Letp be p = max{ri :i=O,... , p}. For each RP such that p < 4 < 1, there 
exist, F > 0 and an integer H such that 
I&A < $R;-k, for n - k > H, 
h,kl < $R;-k, 
(8) 
fork=1 ,..., p-l, and I&oj<FRF. 
PROOF. From Proposition 6, we have that I,&&[ < [E/(k2.. . (k -p+ 1)2)]kp-1R,“-k for 
n - k > H. Since for k 2 p the sequence kp-‘/((k - 1)2.. . (k -p + 1)2) is bounded, then for 
k 2 p and n - k > H, we have I&k1 < (E1/k2)R,“-“. 
Again, from Proposition 6, we have that I&k1 < Ekp-lRF-” for k = 0,. . . ,p - 1. Therefore, 
I&k1 < EJ+R;-’ < EzR;-” < $R;-k, fork=l,...,p-1, 
and l&01 < &R~. 
Hence, taking F = max(E1, Ez, Es}, the result is proved. 
4. SZEG6)‘S ASYMPTOTICS 
I 
Throughout this section, we consider the Sobolev inner product (1) and we assume that the 
Carathkodory functions of measures pi (i = 0,. . . ,p- 1) have analytic extensions up to IzI < l/ri 
with ri < 1 (i = 0,. ..,p - l), and we al so assume that the Szeg6 function of measure pup has 
analytic extension up to Iz 1 < l/r, with rp < 1. 
PROPOSITION 7. The sequence {&(z)/z”} is uniformly bounded on compact subsets of IzI > p 
with p = max{ri : i = 0,. . . ,p}. 
PROOF. Let K be a compact subset of 1.~1 > p. Let T be T = minzEK 1.~1 and Rp be such that 
p < Rp < r. From Corollary 2, we know that there exist F > 0 and an integer H 2 0 such that 
I&k1 < (F/k2)R,“-k f or n - k > H and I&kl < (F/k2)Rpmk for k = 0,. . . ,p - 1, and I&l < 
FRF. Let us consider a fixed integer no > 0 such that (E[(no.+ p - 1)/2])2 5 (~-/R,)(“o-p+~)/~ 
and no 2 2H + p + 1. Since the seque_nce {&(z)/zn} is uniformly bounded on compact subsets 
Of 1.d > p7 let us t&Z M = maX,EK{l~k(Z)/ZkIk=O,...,no-l, I+k(Z)/zklk~O}. 
Then it follows from (7), for z E K, 
Therefore, if we apply Corollary 2 and we also take into account (4), we get for z E K, 
1 
no-l no-H-1 
IM l+ c 
n;-lPkP-l 
c 
k=no-H k2 -. . (k - p + l12rH 1 + M f&3:[(no+p-~),2]+] 
+ ME[(noy21; (ye-k + MF ($)^” 
k=l 
s M 
H P  2(P-1) 
‘+ (no-H)2...(n~-H-p+l)2~H 
I 
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If we denote 
and 
we have 
B 
+ 
(-q(no +p- 1)/2])2 
with V = Al + B + C. Therefore, 
Proceeding by induction, we obtain that 
Therefore, there exists L > 0 such that j&(.z)/znl 5 L f or every z E K and for every n > 0. 4 
Now we can prove the main result. 
- 
THEOREM 1. It holds that limn-tco(&(z)/zn) = IIp(l/z)/IIp(0) uniformly on compact subsets 
ofIzI>p. 
PROOF. Let K be a compact subset of 1~1 > p. Let r be r = minrEK IzI and R, be such that 
p < Rp < r. Taking into account Proposition 2, it suffices to prove that lim,,,(&(z)/z” - 
&(z)/z?) = 0 uniformly on compact subsets of IzI > p. Then applying Proposition 7 we have, 
for z E K. 
Proceeding in the same way as in Proposition 7, and using (4) and (8), we get 
k=n-H 
nP-lkP-l 
k=n-H 
k2.. . (k -p + 1)2 .,‘_k 
PHn2(Pw1) 
’ (n-H)2...(n-H-p+1)2~= 
Anz(P-1) 
(n:H)2...(n-H---p+1)2 
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n-H-1 n-H-1 n-k 
c 
ipn ki 
k=E[(n+p-1j/21+1 
T”-,-Q c 
k=E[(nfp-1)/2]+1 
< (E[(n+pfl),2] + 1)2’ 
and 
< F E’(n+$~z’ (y-k < c (3~ -Elb-P+WI 
For a fixed E > 0, if we take an integer N 2 0 such that for n 2 N, the following inequalities are 
true: 
and 
(n-p+1)/2 
-c f, 
then the result is proved. I 
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